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Abstract: We presert algorithms for computing all placements of two and three
ngers that cagea given polygonal object with n edgesin the plane. A polygon is
cagedwhen it isimpossibleto takethe polygon to in nit y without penetrating one of
the ngers. Using a classi cation into squeezingand stretching cagings, we provide
an algorithm that reports all caging placemerts of two disc ngers in O(n?logn)
time. Our result extends and improvesa recert solution for point ngers. In addition,
we construct a data structure requiring O(n?) storage that can answer in O(log n)
whether two ngers in a query placemert cagethe polygon. We also study caging
with three point ngers. Giventhe placemerts of two so-calledbase ngers, wereport
all placemerts of the third nger sothat the three ngers jointly cagethe polygon.
Using the fact that the boundary of the set of placemerts for the third nger consists
of equilibrium grasps, we presert an algorithm that reports all placemerts of the
third nger in O(n®log? n) deterministic time and O(n®logn(log logn)®) expected
time. Our results extend previous solutions that only apply to convex polygons.

1 Intro duction

The caging problem was posedby Kup erbergin [7] asa problem of designing
an algorithm for nding a set of points that prevents a polygon from moving
arbitrarily far from a position. In other words, a polygon is cagedwhen it
is impossibleto take it to in nit y without penetrating a nger. Howevwer, to
solve the problem it is easierto keepthe polygon xed and move the ngers
instead, keepingtheir mutual distances xed.

Caging is related to the notions of form (and force) closure grasps (see
e.g. Mason's text book [9]), and immobilizing and equilibrium grasps[12].
Rimon et al. [11] intro ducedthe notion of a caging set (or capture region) as
the set of placemerts of ngers that may not immobilize the object but may
prevert it from escapingto in nit y. A comprehensie review on caging and
related problemscan be found in [1]. Caging setshave beenapplied to se\eral
problemsin manipulation, such asgraspingand in-hand manipulation, mobile
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robot motion planning, parts feeding,and stable posecomputation (see[4] for
the references).

Using strati ed Morse theory, Rimon and Blake [11] shoved that in a two-
ngered one-parametergripping system,the hand's con guration at which the
cageis broken corresponds to a frictionless equilibrium grasp. These results
are extended by Davidson and Blake [2] to a three- ngered one-parameter
gripper.

In the problem of caging a polygon with two disc ngers, it is required to
compute all placemeris of two disc ngers that cagea polygonal object. This
problem was rst tackled by Sudsangand Luewirawong [14] by computing an
acceptabledistance for every pair of immobilizing verticesindependert of the
ertire body of the polygon. As a result, the algorithm is not completeasit re-
ports only a subsetof all caging placemerts of two disc ngers. Independerily
Pipattanasomporn and Sudsang[10] have recertly also solved the problem
for point ngers in O(n?logn), and also provided a data structure capable of
answering queriesin O(log n). However the disc- nger problem has not been
analyzedin their paper.

In the problem of caging a polygon with three ngers, the placemeris
of two ngers, called the base ngers, are given. It is required to nd all
placemers of the third nger, suc that the resulting ngers cagethe polygon.
Sudsang[13] stated a su cien t (but not necessary)condition for caging a
cornvex object in the plane with more than two ngers using the width of
the object. For a non-corvex object it was proposedto divide the object into
convex parts and to considerthe maximum width sub-part. The concept of
the caging set was used by Sudsangand Ponce[15] as a basisfor computing
a plan for manipulating polygonal objects using three discs. The resulting
caging set was very small and hencenot complete, as the computation only
takesthree edgesinto accourt. Erickson et al. [4] provided the rst complete
algorithm for three- nger cagingsof convex polygons. Two ngers are placed
along the boundary of the polygon and then a region |[the caging set| is
computed for the third nger. An exactalgorithm is provided that determines
this region in O(n®) time, and also an approximation algorithm is provided
with pre-speci ed accuracy However, the problem of computing the set of all
caging placemeris for non-corvex polygons remained open, and is tackled in
this paper.

In the rst part of this paper (in Section 3) a solution for computing all
caging placemerns of two disc ngers is preserted. In addition a data struc-
ture is preserted that requires O(n?) storage and is capable of answering in
O(log n) whether a given placemen of two ngers is caging. A given place-
ment of two ngers is squezing (stretching) caging,if it is cagingand anyhow
closing (opening) the ngers without penetrating the polygon the ngers re-
main caginguntil they reach a minimum (maximum) in which both ngers are
on the boundary. It can be proventhat any cagingis squezing or stretching
Using this fact, our work for two ngers extends and improvesthe result in
[10] by providing an algorithm for computing all caging placemeris of two
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disc ngers that runs in O(n?logn). To solve the problem we have employed
pseudotriangulation, cell decomposition, connectivity graphs, and an event
processingtechnique.

In the secondpart of this paper (in Section4), the solution for computing
all caging placemeris of three ngers with a xed pair of base ngers is pre-
serted. It is shown that the boundary of the cagingregionsmade by the third
nger correspondsto equilibrium grasps.Our work on three- nger caginguses
this fact to extend the result in [4] by providing the rst complete algorithm
for computing the set of all caging placemerts for non-corvex polygons. To
solve this problem we have usedsimilar techniquesasin our two ngers solu-
tion. The running time of the proposedthree point- nger cagingalgorithm is
O(n®log? n) deterministic time, and O(n® logn(loglogn)?3) expected time.

2 De nitions and Assumptions

The given simple closedpolygon P has no holesand is bounded by n edges.
Let Py be the Mink owski sum outer-face of P and a closeddisc of radius d.
More formally Py = P 41, where 4 is the disc of radius d centered at
the origin. Placing disc ngers of radius d around P is equivalent to placing
point ngers around the generalizedpolygon P4. A generalizedpolygon is a
shape bounded by straight segmems and circular arcs. As the holes of Py
correspond to placemerts of a single nger caging P, we discard these holes
in our computations of two and three nger cagings.

Without loss of generality we can assumethat P4 is enclosedin a su -
ciertly large rectangleB. Let F  R? be F = B nint(Pg). Clearly F is the
set of all possibleplacemeris for a nger. Throughout the paper we assume
that the ngers are points, P is Pq, and we referto F2 (= F  F) and F?3
(= F F F) asthe admissible spacefor two and three ngers.

To solve the caging problem with two disc ngers, we decomposeF into
pseudotriangles. A pseudotriangle hereis de ned as a triangle that has at
most one concave circular arc of radius d, and arc anglelessthan . To obtain
a pseudo-triangulation, new vertices may be added, but no vertex of a pseudo
triangle should lie inside the edgeor arc of one of its neighbor triangles.

A force vector with its application point xed uniquely determines a
wrench. Our model for wrenches induced by a given polygon diers from
that of Markensco et al. [8] in the caseof a point contact and a convex
vertex. Consider a point on a corvex vertex of a polygon. In our model, the
possiblewrenchesfor this point, similar to the concave case,cortains the set
of all convex combinations of the two unit normal wrenchesto both incident
edgeswhich makesa cone.The intuition behind this model is that an -radius
disc- nger on a cornvex vertex can apply any wrench being a combination of
the two normal wrencheswith  adjustment.

YA B=fa+Hha2A;b2Bg
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Using Corollary 4.1 from [12], the grasp made by ngers on edgesis an
equilibrium graspif and only if the wrench vectors meetin a common point
and the angle betweentwo consecutive wrenchesis not more than . When
someof the ngers are at vertices, the graspis an equilibrium grasp provided
that there is a point that lies on the intersection of conesand wrenchesand
satis es the angle condition. The number of ngers that make an equilibrium
graspis the number of ngers that exert a non-zerowrench on the object.

3 Two Fingers Caging

In this sectionthe solution for the cagingproblem of a polygon P with two disc
ngers with the same xed radius is preseried. In this problem all placemers
of two ngers that cagethe polygon is computed. It is alsorequired to answer
quickly whether a given placemen of two ngers is caging.

Let Cp be the set of all two- nger caging placemerts of a polygon P and
let C ;p be thegset of all caging placemerts for which the ngers are apart.
Clearly Cp = . ,g C ,p. Increasingor decreasing , the topology of C
changesat certain critical 's. We use this fact to construct the set of all
cagings.

Let (p1; ) and (p2; ) 2 F2 be two placemens of a two- nger hand.
These placemerts are -reachableif jpithj = jp2gj = and both of them lie
in the sameconnectedcomponert of the admissiblespaceof nger placemerns
that are apart. They are -max-reachable( -min-reachablg if jp1uj; jp2pj

(1p1uj; jp2pj ) and both of them lie in the sameconnectedcomponert of
the admissible spaceof nger placemers that are at most (at least) apart.
When two placements are -reachable -max-reachable or -min-reachable
it is possibleto move the two- nger hand between the placemeris keeping
the distance of the ngers xed, at most , or at least respectively. Note
that when two placemerts are -max-reachable( -min-reachablg they are %
max-reachable( %min-reachablg for any ©° (° ). Hence,if a -apart
placemern is not -max-reachable( -min-reachablg to a -apart placemen
being remote from the polygon, it is squeezing(stretching) caging. If the
reachability type is clear from the context or if we want to de ne something
for all typesof reachability we will usejust the word reachable Becauseof the
lack of spacewe just mertion the following important fact that provides the
basisfor our approac outlined in Subsection3.2.

Lemma 3.1 Given one obstaclein the plane, if two placements (p1; 1) and
(p2; ) of a two- nger hand satisfying jpithj = jp2cej = are both -max-
reachable and -min-reachable, then they are -reachable.

The direct result of Lemma 3.1 is that, if a placemen is caging, then it is
squeezingcaging, stretching caging, or both. In Figure 1(a) a shaded poly-
gon and four apart placemens (p1; ), (P2; %), (p3; ) and (ps; o) are
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shown. No two placemeris are -reachable, but (p;; q1) and (p2; &) are -max-
reachable while (p1; ) and (ps; ) are -min-reachable. Moreover (p1; th)
is not caging, (pz; @) is stretching caging, (ps; @) iS squeezingcaging, and
(ps; o) is both stretching and squeezingcaging.

Basedon above reachability notions and a pseudotriangulation of the set
F, the spaceF 2 is decompsedinto constart-complexity 4D cells for every
such that all placemerns inside eac cell are reachablefrom ead other. The
required property of the pseudotriangulation is stated in the following lemma.
The construction is relatively easyand therefore we con ne ourselvesto men-
tioning the result.

Lemma 3.2 It is possibleto decomposeF in O(nlogn) time in O(n) pseudo
triangles suchthat every pseudotriangle has a constant number of neighlors.

Basedon and the cell decomposition of F?, a connectivity graph is de-
ned in Subsection3.1, with cells asthe nodes, and two neighbor nodes are
connectedby an edgeif there are reachableplacemerts inside the correspond-
ing cells. Note that all the corresponding placemeris of one node are either
all cagingor all noncaging.Hencewe assaiate with a node the caging status
(caging or noncaging)of all its placemeris. Sinceall noncagingplacemeris are
reachablefrom ead other, the noncagingnodesform a connectedcomponert
in the connectivity graph. Therefore, all componerts in the graph exceptthe
one containing noncaging placemeris represen a set of caging placemernts.

To compute all cagingplacemerts of two ngers, it is possibleto start from
zero and increase(or equivalertly start from a largely enough distance and
decrease)the distance of the ngers. Meanwhile, there are critic al distances
at which the connectivity graph changes.The idea is to compute all critical
distancesand sort them increasingly. Clearly betweentwo consecutie critical
distances,the connectivity graph doesnot change. Therefore it is possibleto
compute all possibleconnectivity graphs for all distancesby considering the
critical distancesoneby one,and updating the connectivity graph accordingly
in a reasonabletime (instead of computing the whole connectivity graph from
scratch every time). When a caging cell mergesto or becomesdisconnected
from the noncaging cell, equivalently a connected componert of the graph
respectively mergesto or becomesdisconnectedfrom the componen of the
graph that represens the noncaging placemens. To update the graph for
every merging or splitting of cellssomeedgesrespectively should be addedto
or deleted from the graph as the update operation. If the update operation
includes deletion of edgesthe componerts of the graphs should be maintained
during the processand it is not possibleto do this operation in constart time
(at leasteasily). But if it consistsof just addition of edgesthe componerts will
just merge or emergeand therefore it is possibleto maintain the two types
of componerts in constart amortized time. By using the squeezing/stretcing
fact, de ned formally in Subsection3.1, and increasing/decreasingthe dis-
tance the cells just merge or emergeand therefore the update operation just
include addition of nodesand edgesin constart time. Whenewer a cagingnode
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Fig. 1. (a) Reachability notions and caging types, (b) R™ (AB C;DEF) has one
cell, (c) connectivity subgraph of distance when ngers are points and the rst
nger is inside AB C

is going to join a noncagingnode by a path, the corresponding 4D cell of the
caging node is reported as a set of caging placemerts; any placemen inside
this cell is caging. The complete algorithm and the running time analysis is
explainedin Subsection3.2.

3.1 Two Fingers Squeezing and Stretc hing Caging

Let s and s° be two closed subsetsof F. The set of admissible placemens
induced by a pair of subsetsof F for two ngers with distance is the set

R(s;)=f(ma)2s sjjpg= g

The set R (s;s9 consistsof a number of 4D connected componerts. Every
connected componert corresponds to a set of -reachable placemerts. Let
RM (s;89 be the set of connected componerts of R (s;s%. Therefore every
member of RM (s;s9 is a subsetof F2 and is called a cell. If s and s° have
constart complexity, the number of cellsin RM (s;s% and their complexity
will be constant too. Figure 1(b) shows a shadedpolygon, its Mink owski-sum
outer-facewith adisc of radius d (displayed dashed),and two pseudo-triangles
ABC and DEF. Here RM (AB C;DEF) hasonecell. It seemsthat (p2;cp)
is not -reachablefrom (pi; ) using the placemers inside the two pseudo-
triangles; but the placemern is reachable from (p1; cu) by moving p; toward B
and moving ¢, toward F and then moving p; toward C.

Let T be a suitable pseudotriangulation of F (i.e. satis es Lemma 3.2).
The connectivity graph CG .+ (V; E) for T and distance is de ned by

8

3V =fr F2j9tt°2T:r2 RM(t;t9g;

S E=1 (rir)2V2j9ottditotd2 T irg 2 RM (ty;19);
ro 2 RM (tz;tg)/\ or 2 RM (tl[ tz;tg[ tg):l’z rl[ > g

By de nition ewery cell is assigneda unique node and therefore every admis-
sible placemert of ngers is assigneda node in the graph; there is no edge
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between the cells of a set RM (t; t9. There is an edge between two cells in
RM (t1;19) and RM (t2;19) whenthere is a cell in RM (t1 [ t2;t9[ t9) that con-
tains the two cells. In other words there is an edgebetweentwo nodeswhen
their corresponding pairs of pseudo triangles are neighbor and their corre-
sponding placemerts are reachable As every pseudotriangle has a constan
number of neighbors in T, the total number of edgesis linear in the total
number of nodes. Therefore if there are O(n) pseudotrianglesin T, there will
be O(n?) nodesand edgesin CG 1 (V;E).

In Figure 1(c) a shadedpolygon boundedin a rectangle, the polygon exte-
rior triangulated (displayed dotted), and one of the triangles AB C are shown.
Sinceit is not easyto draw the whole connectivity graph for distance , we
show a subset of the graph for point ngers while the rst nger is inside
AB C. For any triangle if there are apart points inside that triangle and
AB C, then considera node in the graph (the nodesare displayed with small
letters). Sincethere are no two points of distance inside AB C no node is
consideredfor it. Note that here since no RM (AB C;t) has more than one
cell, every pair of (AB C;t) has at most one node in the graph. When it is
possibleto move the second nger from one triangle to its neighbor while
keepingthe rst nger inside AB C and the distance , then connectthe two
corresponding nodesby an edge(displayed with dashedsegmerts).

Lemma 3.3 Let (p1;) 2 r1 2 RM(t1;t9) and (p2; @) 2 r2 2 RM (t2;19) be
two placements. (p1; ) and (p2; @) are -reachable, if and only if there is a
path betweenr; andr, in CG 1 (V;E).

Let v be a noncaging node for which v. 2 RM (t ;t%, andt ;t° 2 T.
Without loss of generality, we can assumethat it is possibleto compute v
basedon B, T, and suc that is not caging (clearly v may change when

changes).The points on the boundary of B at distance e.g.do not cage
the polygon being remote from the polygon. Using the fact that all noncaging
nodesform a connectedcomponert in the graph, a given placemen of ngers
is caging if and only if there is no path betweenthe corresponding node and
v in the graph. Let the set of caging nodesfor the polygon P and distance
be the set

CN p =fv2 V(CG 1) j Thereis no path in CG .t betweenv and v g:
and let the set of caging placemeris obtained by CG graphs be the set
CNp = f(p;d) 2 F2j9v 2 CNjpgp : (P;Q) 2 vG:

Considerthe following de nitions of R%(s;s% and R%s; s9) that correspond
to the -max-reachableand -min-reachableset of placemers induced by s
and s%

RUs;8) = f(ma)2s sjjpg g



8 Mostafa Vahedi and A. Frank van der Stappen

RAs;is)=f(pd2s s%jpg @

ReplacingR (s;sY) with R%(s;s% and R%{s;s%), and -reachablewith -max-
reachableand -min-reachablein above de nitions results in new de nitions
of RM (s;59) and R (s: s9), CG%; and CG%,CNC% andCN% , and CNQ
and CN °respectively in order. The adjusted Lemma 3.3 still holds for CGO
and CG% . We refer to CG%; and CG%; asthe max and min connect|V|ty
graph and to CNS and CN Odas the set of all squeezingand stretching caging
placemerts respectlvely Becauseof the lack of spacewe just mertion the
following important facts. Lemma 3.5 is the direct result of Lemma 3.1.

Lemma 3.4 Given a polygon P and a distance , it is possibleto compute
CG .1, CG%, CG%, CN p, CN%, and CN% in O(n?). Then using T
it is possibleto determine in O(log n) time whether a given placement of two
disc ngers that are apart cagesP.

Lemma 3.5 Cp = CNp = CNJ[ CNJ°

As it was mentioned in Section 3, it is possibleto maintain the graph com-
ponerts in computing the squeezingand stretching caging placemeris in con-
stant amortized time. Therefore, basedon Lemma 3.5 that statesthe relation
betweenthe commonnotion of cagingon one hand and squeezingand stretch-
ing cagingat the other hand, we compute all caging placemens by computing
CNJ and CN$%separatelyin Subsection3.2.

3.2 Two Disc Fingers Caging Algorithm

In this sectionwe presert our approacd to solving the problem of nding all
caging placemens of two disc ngers of equal radius. To report all cagings
the algorithm usesLemma 3.5 and reports the two setsCN2 and CNin-
stead, which both consistof 4D cellscorresponding to squeezingand stretching
cagingsrespectively. Each point inside every cell correspondsto a placemert
of two disc ngers on the plane that cagesP. The algorithm consistsof three
stepsfor both types of cagings. Since these steps are similar for both types,
we focus on the computation of the set CN$ of squeezingcagings:

1. nd and sort the critical distances (see below) induced by all pairs of
pseudo-trianglesin T (a suitable pseudo-triangulation of F),

2. compute CG0 for all by processingthe critical distancesand updating
CGOT accordlngly, mearwhile reporting the possible squeezingcaging-
placemerts,

3. report the remaining squeezingcaging-placemets.

Hereafter we use pseudotriangle and triangle interchangeably The rst step
is basedon the fact that the structure of CGOT only changesat particular
valuesof , to which we shall refer ascritic al distances Increasing from zero,
we distingwsh three typesof critical distancesinduced by a single pair (t; t9:
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1. jR™ (t; t9] increases,

2. jJRM (t; t9j decreases,

3. for neighbor pairs of (t1;t9) and (t2;t9) in RM (t1 [ to;t? [ t9), a member
of RM (t1;1?) mergeswith a member of RM (t,;t9).

The cells of a pair of triangles can only merge and not split, becausewhen
two placemens become -max-reachable they remain so for any bigger
Therefore, the rst type only occurs when a cell emerges,and the second
only occurswhen two cells mergetogether. Sincethe rst two typesof critical
distancesdepend on t and t° only, the number of such distancesis constart for
agivent and t% From the fact that all pseudo-trianglesin T have a constart
number of neighbors and also RM (t; t9 has constart cardinality, it follows
that the number of critical distancesof the latter type is constart aswell. As
a result, we can accomplishthe computation and sorting of all O(n?) critical
distancesin O(n?logn) time.

In the last two stepswe usea graph-baseddata structure to keeptrack of
the changesin CGP while increasing . When R™ (t; t% changestopologically
for a critical distance , a new cell emergesor two cells mergeinto a single
cell containing the original ones. For eat newly emerging or merging cell
there is a corresponding node in the graph and all nodesare included in the
graph from the start. With ewvery node in the graph we assciate a caging
status, caging or noncaging Initially all nodes are caging Every node also
has a critic al distance that will be determined later; initially it is setto zero.
Every pair of triangles has a corresponding set of nodesin the graph and a
set that speci es the current nodesin the graph for the current value of

Starting from zero with CGJ.;, which is built from scratch, the second
step processeshe critical distancesin order to update the connectivity graph.
Since P does not contain holes, there is no caging node in CGJ;. At eah
critical distance someactions are taken to determine CG%; from CG%_, in
which and © are the current and previous critical distances respectively.
We recall that betweentwo consecutiwe critical distancesthe graph does not
change.The actions takento update the graph depend on the type of critical
distance. The rst two setsof actions are the sameand they are not repeated.
They follow in order:

1,2. The current setof nodesfor the corresponding pair of triangles is updated.
The edgesfor the new node are computed. If there is no edge or the
new edgesonly connectto caging nodes,the caging status of the node is
“caging'. Otherwise the caging status is "noncaging'. If the corresponding
node is a bridge betweena caging node and a noncagingnode, a maximal
report (seebelow) is performed; otherwise the critic al distances of the old
nodes (if existing) are setto the current value of

3. An edgeis added between the corresponding nodes. If the nodes had a
di erent caging status, a maximal report is performed.

A maximal report is done, when the caging status of a node changesfrom
cagingto noncaging. This happensfor squeezingcaging-placemets for which
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reachesthe critical maximum distance, at which any distance larger than
that distance allowsthe ngers to escape. Look at Figure 2(a) for someof the
critical maximum distancesthat lead to maximal report. In this operation,
the corresponding 4D cells of all the nodesin the graph that are in the same
connectedcomponert of the changing node are reported, and their assiated
critic al distances are setto the current value of and their assaiated caging
statusesare set to “noncaging'. If a node becomes’noncaging', it can never
become caging' again. Hence every node is reported at most once, and the
time dewoted to reporting the caging cells is linear in the number of nodes
and therefore is O(n?).

Every update operation takesconstar time. Clearly every changeis local
to a node and its neighbors. Sinceno node is addedto the graph, the addition
of edgesis the only performed operation; the number of neighbor nodes and
the number of edgesfor eat node is constart. Therefore, the updatesinduced
by a single critical distance take constart time in total.

Since some of the squeezingcagingsmay have no critical maximum dis-
tance (e.g. (ps; o) in Figure 1(a)), all the remaining squeezingcagings are
reported in a separatestep at the end. In the third stepthe nal connectivity
graph is traversedfor nodesthat are “caging'but their critical distance elds
are still zero. For every such node, the eld is setto in nit y and its 4D cells
is reported. The following theorem follows from the precedingdiscussion.

Theorem 3.6 Given a polygon with n edgesand two disc ngers of equal
radius, it is possibleto report all the caging placementsin O(n? logn) time.

Theorem 3.7 It is possibleto compute a data structure with O(n?) space
and time complexity, with which it is possibleto answerin O(log n) whether
a given placement of ngers is caging.

Proof. To answer the cagingquery using the two nal (squeezingand stretch-
ing) computed data structures, the corresponding pseudotriangles are located
in O(logn) [3]. Then for the given distance of the ngers, the corresponding
two nodesin the graphs can be determined in constart time. There are two
cases;If the caging status of any node is caging, the answer is caging. Oth-
erwise, the critical distance eld of every node is compared with the query
distance. For squeezing/stretching caging, if the query is smaller/larger the
answer is caging; otherwise the answer is noncaging. Therefore the total time
to answer a query is O(logn). Clearly the spaceneededto store the data
structure is O(n?).

4 Three Fingers Caging
In this section,the caging problem for three point ngers is presered. In this

problem the placemen of two ngers, called the base ngers, is given. It is
required to nd all placemerts of the third nger, such that the ngers cage
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Fig. 2. (a) Three critical maximum distances displayed with dotted arrows and
two critical minimum distances displayed with solid arrows. (b and c) Two loci are
displayed for two polygons at the right side in which the lled boxes represert the
base ngers and dotted triangles represert equilibrium grasps

the polygon. The caging placemens form someregionson the plane of which
the boundaries should be reported. We assumethat the base ngers do not
cagethe polygon without the third nger.

Similar to the solution of the two ngers case,F is triangulated and the
connectivity graph for F3 is de ned for a given triangulation T and a given
vector of distances of three ngers . Therefore R (s;s%s%, RM (s;s% s%;
CG .v,and CN .p arede ned similarly. Becauseof the similarity we have not
repeated the de nitions and the lemmas, except for the following important
lemma.

Lemma 4.1 Given T and , it is possibleto compute CG 1 and CN p in
O(n®) and to answer queries atout caging status of given ngers placements
with  distancesin O(logn).

In Subsection4.2 it is shown that the third nger placed on a point on
the caging boundary jointly with the given placemens of the base ngers
correspond to some equilibrium grasps. It does not mean that the ngers
necessarilymake an equilibrium graspat that placemer, but there is a corre-
sponding placemer, reachablefrom that placemen, at which the ngers make
an equilibrium grasp. Every curve on the caging boundariescorrespondsto a
set of equilibrium graspsthat induced by the samepair or triple of features
of the polygon. Therefore, it is possibleto compute all curveson the caging
boundariesby consideringevery pair or triple of featuresand computing the
possible equilibrium grasps. The resulting grasps when moved to the xed
placemen of the base ngers de ne some 2D curves which we call curves
of equilibrium grasps only some parts of these curves constitute the caging
boundaries. Based on these facts, the idea is to compute all possible caging
intervals on every curve, and then to compute the caging boundaries using
the cagingintervals. In Subsection4.1 all equilibrium graspsinvolving the two
base ngers are computed. Note that the base ngers have a xed distance.

To compute the caging intervals on eac curve of eguilibrium grasps the
vector of distances, , is altered by changing the position of the third nger
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along that curve. Therefore for every point on the curve, CG .t is computed
accordingly. Similar to the two ngers case,there are critical points on the
curve at which CG 1 changesand it does not change betweentwo consecu-
tive critical points. The sameevent processingapproad is employed here to
compute all possibleCG .+ whenthe third nger movesalong the curve. It is
shown that the total number of possiblenodesis O(n®) and all of them are
included in the graph from the start; so there is no needto add or remove
nodesfrom the graph. Herein contrast to the two ngers case,the update op-
eration may require deletion of edgesbesideaddition becausean existing cell
may split. Therefore, we have to usea special data structure called fully dy-
namic graph to e cien tly query the cagingproperty eat time. The complete
algorithm and the running time analysisis explainedin Subsection4.2.

4.1 Locus of Three Fingers Equilibrium  Grasps

Consider all possibleequilibrium graspsinvolving three ngers, two of which
[referred to asbase ngers| havea xed distance,and the triangles de ned
by the ngers for every such grasp. Now considertwo xed points in the plane
with distance equal to that betweenthe base ngers, and draw the triangles
such that the xed points are on the base ngers. It is required to nd the
locus of the third nger in the plane. There are two general casesdepending
on the number of ngers that make the equilibrium grasp:

1. two ngers on
a) two edges:the two edgesshould be parallel, henceit is possibleto
move the ngers together in one direction along the edges:the locus
of all placemerts of the third nger describesa circular arc;
b) an edgeand a vertex, or two vertices: the locus of all placemers of
the third nger describesa circular arc;
2. three ngers with
a) abase nger at a vertex: the locusof all placemerts of the third nger
describesa line segmert
b) the third nger at a vertex: the locus of all placemerns of the third
nger describesa limacon of Pascalor a line segmett,
c) all ngers on edges:the locus of all placemeris of the third nger
describesa circular arc or a line segmet;
d) abase nger andthe third nger at vertices:the locusof all placemeris
of the third nger describesa nite number of points.

In Figure 2(b and c) two loci are displayed for two polygons. The lled boxes
represen the base ngers and the empty boxes represent the third nger.

Each dotted triangle represers an equilibrium graspand is redisplayed at the
right side with solid lines. For the polygon (b), all three ngers are on edges
for which the locusis a circular arc. For the polygon (c), the third nger is at
a vertex and the base ngers are on two edgesfor which the locusis a limacon
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of Pascalarc. The loci are displayed with dotted curvesat right side above
the triangles for eat polygon.

Sincethe boundary of the caging regionsconsistsof contin uescurves,the
points of case2.d are not relevant and can be discarded. Sincethe number of
featuresis at most three, there are O(n®) curves.

Theorem 4.2 The locus of all equilibrium grasps made by three ngers of
which the distance of base ngers is xed, whenmovel to a xed placement of
the base ngers, de nes O(n®) constant complexity 2D curves.

4.2 Three Fingers Caging Algorithm

We report all placemerts of a point nger such that it cagesP together with
the two given base ngers. The output of the algorithm is a set of regions.
Each point inside every region correspondsto a placemern of the third nger
that cagesthe polygon jointly with the base ngers.

Before explaining the algorithm, it should be shown that the boundary
of the caging regions correspond to the boundary of the polygon or to sets
of equilibrium grasps.Consider an intersection point of the caging boundary
(not on the polygon boundary) and an arbitrary line. The intersection point is
a puncture point (see[11] for the de nition), becausemoving the third nger
along the line, the caging status changesat that point. Consideringthe set of
ngers consisting of the base ngers and the third nger moving on the line,
Proposition 3.3 of [11] states that the corresponding placemen corresponds
to an equilibrium grasp. Therefore the caging boundaries correspond to the
boundary of the polygon or to setsof equilibrium grasps.

Lemma 4.3 The caging regions of a polygon are bounded by curves of equi-
librium graspsor the polygon boundary.

The algorithm consistsof four steps:

1. Compute the locus of the third nger in all possible equilibrium grasps
made with three ngers,

2. determine critical points related to a triple of triangles and a curve, and
sort all of the critical points for every curve on that curve,

3. determine the cagingintervals by computing all possibleCG 1 for every
curve by processingthe sorted critical points,

4. report the caging boundaries using the computed caging intervals.

In the rst step, all the equilibrium graspsinduced by three ngers are com-
puted asa set of curves,curvesof equilibrium grasps To easethe computation
of caging intervals on the caging boundaries (in the last step), the polygon
edgesare added to the set of curves.

To explain the secondstep, the notion of a critical point should be de ned
rst. Consider a curve E of equilibrium graspsand a point p on E at which
the third nger is placed. It is possibleto build a connectivity graph for p
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and the base ngers. Moving the third nger along E, there are two groups
of critical points on E related to a triple of triangles (t; t%t°9:

1. jRM (t; t%t%j changes,

2. (12;19;t99 and (t1;t9;t%9 are neighbors and a member of RM (t4;t9;t%9
mergeswith or becomesdisconnectedfrom a member of RM (t2;t9;t99
inside RM (t1 [ to;t9 [ t9;t99 t99.

In the secondstep, all critical points related to a triple of triangles and a
curve are calculated, and then all of the critical points for ewvery curve are
sorted along that curve. Sinceboth the complexity of the triangles and their
neighbors and the complexity of ead curve are constart, there are constart
number of critical points for every triple of triangles. Consideringall possible
ordered triples of triangles, there are O(n®) critical points for eadt curve,
including the intersection points of that curve with the polygon and other
curvesof equilibrium grasps.

In the third step, all possibleCG .1 are computedfor every curve by taking
the critical points in order and updating CG .1 for that curve; mearwhile the
caging intervals are calculated. The approadc for every curve E is as follows.
One of the critical points p on E is taken as the starting point. The same
data structure that wasusedin the two ngers caseis used, without critical
distance eld. Initially CG .t is built from scratch for p and the base ngers.
Changing the position of p on E according to sorted critical points, one of
the following actions is taken to update the current CG .r, depending on the
type of the critical point:

1. the current set of nodesfor the corresponding ordered triple of triangles
is updated and the edgesfor the new set of nodesare computed, or
2. an edgeis added betweenor removed from the two corresponding nodes.

Similar to the two ngers case,the update operation on the graph can be
donein constart time for every critical point. In addition, however, we need
to know the caging status of the current placemern. Therefore, it is required
to maintain a special data structure to quickly answer whether the current
placemern is caging.

A placemen is caging, if there is no path in the current CG .+ be-
tween the corresponding node and v , a noncaging node (here too, the v
may changewhen changes).Using the fully dynamic graph data structure
[6, 5], it is possibleto query for the connectivity of two nodesin the graph
in O(logn=loglogn) time and to update the mentioned data structure in
O(log? n) deterministic amortized time and in O(log n(log logn)?) expected
amortized time. To nd v , choosea placemen remote from the polygon in
F, and nd the corresponding node in the graph by locating the containing
orderedtriple of triangles in O(log n) [3].

To properly compute the caging status on the boundary of caging regions
we use the trap ezoidal map of the arrangemert of the curvesof equilibrium
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grasps.Sinceall the points inside a trap ezoid have similar caging status, in-
stead of choosing points on curves,we choosepoints exactly inside the trap e-
zoids.

In the fourth step, the cagingboundariesare reported from the previously
computed caging intervals. To report the caging boundaries, rst a curve
is found on the boundary of eadt caging region. To do this, every caging
interval of every curve is taken and one of its starting points is considered.
Clearly, the starting point is on the caging boundary. Considering the caging
intervals that include this point, there is a caging interval suc that all the
other oneslie on one side of it. This interval is on the boundary of a caging
region, and the other intervals are inside this cagingregion. Walking along the
corresponding curve sud that the interior of the caging region is on the left,
the next intersection point on the curve is considered.On every intersection
point, the caging intervals are consideredthat include the intersection point
and the rightmost curve is selected. The next intersection point along the
selectedcurve is consideredand the same steps are repeated till the same
starting point is reached. The sameis donefor every unvisited caginginterval.
Recalling that our algorithm computesall three- nger cagingregions, we get
the following nal result.

Theorem 4.4 Given a polygon with n edgesand given placements of base
ngers, it is possibleto report all placementsof the third nger suchthat the
three ngers jointly cagethe polygonin O(n®log?n) deterministic time, and
in O(n®logn(loglogn)®) expected time.

Proof. F can be triangulated in O(nlogn) time [3], and the number of tri-
anglesis linear. Since the total number of locus curvesis O(n®) and com-
puting every one takes a constart time, the rst step can be donein O(n?®)
time (Theorem 4.2). Sinceevery orderedtriple of triangles has constart num-
ber of critical points, the total number of critical points on ead curve is
O(n®). Therefore the secondstep takes O(n®logn). In the fourth step, for
ead critical point, adding and removing edgestakesconstart time, but test-
ing the connectivity takes O(log®n) deterministic and O(log n(log logn)3)
expected amortized time. Since there are O(n®) critical points, the third
steptakesO(n® log? n) deterministic time and O(n® logn(log logn)3) expected
time. Sinceevery intersection point is visited at most oncethe fourth steptakes
O(n®) time. Hence, the algorithm takestotally O(n®log? n) deterministic time
and O(n® logn(log logn)®) expected time.

5 Conclusion

In this paper we have presened algorithms for computing all possiblecaging
placemerts of two disc ngers of equalradius, and three point ngers of which
the placemers of two base ngers are given. In the caseof three ngers,
extending the results to disc-shaped ngers is straightforward. Although the
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curvesof equilibrium graspsbecomemore complicated, their degreesremain
constart. Weintend to implemernt the algorithms to gain more insight into the
shapesof cagingregionsand their combinatorial complexitieswith the purpose
of improving the worst-caserunning time of our algorithm. In addition we
would liketo considerthe three- nger cagingquery aswell. Finally, extending
the results to 3D seemschallenging, becauseof the problem of decomposing
a polyhedron into few simple cells. Hencewe will look for alternativ e ways to
tackle the caging problems.
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